Reflective twisted nematic displays where the output polarizer is eliminated are analyzed and demonstrated. The absence of the rear output polarizer has many advantages, including much higher brightness and higher resolution. In this article, we examine the solution space for the design of such reflective displays. Both the cases of a simple reflective display and the use of a retardation film within the display to compensate for color dispersion are explored. It is shown that excellent black and white displays can be obtained using film compensation. Experimentally, over 90% reflectance from a compensated reflective display has been obtained with low color dispersion. The optical response of this reflective display was also found to be quite fast and suitable for video rate applications.
I. INTRODUCTION
Liquid crystal displays ͑LCD͒ are used widely in commercial products. They can be viewed in transmission, with backlighting, or in reflection with ambient light. The latter mode of operation is actually more aptly described as transflective. In both cases, the liquid crystal cell is sandwiched between two polarizers which are oriented appropriately to produce maximum or minimum transmission of light, corresponding to normally bright or normally dark operations. For reflective viewing, the light simply travels through the LCD twice with the help of a diffuser/reflector. 1 Thus, the LCD viewed in reflection is equivalent to two tandem transmissive displays, making it rather dark.
There is always an interest in making true reflective twisted nematic ͑RTN͒ liquid crystal displays where the rear polarizer is eliminated. The input polarizer in effect also acts as the output polarizer. 2, 3 Such RTN-LCDs have many advantages over conventional transflective ones. Obviously, there is one less optical element ͑the rear polarizer͒ that can cause absorption and dispersion. It is also potentially simpler and cheaper to manufacture. Moreover, the rear mirror can be placed on the inside of the cell. This arrangement can reduce the parallax and shadowing of the image when viewed at oblique angles. The resolution of the display can therefore be much improved. In some cases, elimination of the rear polarizer may not be an option but is absolutely necessary. For example, in using silicon as a back plane as an active matrix display, 4 there is no place for a ''rear polarizer.'' Similarly, in a liquid crystal light valve, a true reflective display is required. 5 In addition to twisted nematic LCD, nontwisted nematic systems have also been investigated for producing such true reflective displays. Uchida et al. described several such approaches. 6 For example, nontwist type displays based on electrically controlled birefringence ͑ECB͒, 4 optically compensated bend mode ͑OCB͒, 7 and hybrid aligned nematic mode ͑HAN͒ 6 can be used. Additionally, displays based on cholesteric liquid crystals 8 or on scattering of light by polymer dispersed liquid crystals 9 have also been demonstrated. These latter categories do not require any polarizers at all. They have all the advantages of reflective displays mentioned above. However, the driving schemes and voltage levels required are not entirely compatible with conventional twisted nematic ͑TN͒ and supertwisted nematic ͑STN͒ displays. In this article, we shall concentrate on the possibility of producing high quality reflective displays based on twisted nematic liquid crystal cells only.
There have been a few reports on the investigation of reflective displays using twisted nematic cells. Sonehara et al.
2 studied a simple reflective display with just an input polarizer and a rear mirror. For some unique combinations of twist angle and liquid crystal birefringence, they were able to obtain such a reflective display. But the dispersion and contrast ratios were found to be very poor. Lu et al . describes a refinement of this display using the polarizer angle as a parameter. 5 More recently, Fukuda et al. 3 proposed and demonstrated a reflective display where a retardation film was placed between the input polarizer and the liquid crystal cell. Improvements were made in the color dispersion and the contrast seems acceptable. However, the requirements on the retardation film are rather stringent and the optimization is complicated. Recently, Wu et al. 10 described another approach to RTN using a ''mixed mode'' TN cell. Excellent results were obtained.
In a series of articles, we intend to present numerical simulations as well as experimental results on the design of twisted-type reflective displays. In this first article, the case of a RTN with a retardation film placed in the back will be discussed. This is an obvious brute force solution to the problem of excessive dispersion in the Sonehara-type RTN. 2 In the second article of this series, we shall present a design where even the retardation film will be eliminated. 11 In the case of the inclusion of a retardation film, it will be shown that excellent contrast as well as negligible wavelength dispersion can be obtained. Contrast ratio of over 100:1 and peak reflectivity of over 90% can be obtained in an experia͒ Author to whom correspondence should be addressed. Electronic mail: eekwok@usthk.ust.hk mental LCD that we produced using the design principles presented in this article. The wavelength dispersion was also found to be negligible. This good performance is attractive for commercial applications.
II. THE JONES MATRIX
The simulation to be discussed here is based on the Jones matrix approach. The Jones matrix formulation and the generalized geometric optics approximation ͑GGOA͒ have been described adequately before. [12] [13] [14] The most important point to note is that the tilt angle of the liquid crystal director is assumed to be uniform over the entire cell. It is well known that the tilt angle decreases in the middle of the liquid crystal cell due to elastic energy minimization, especially for high pre-tilt angle cases. However, as pointed out by Lien, 13 even in the high pre-tilt case, an average tilt angle can be used without producing any significant error in predicting the properties of the LCD. In this article, we shall assume that the tilt angle is uniform throughout the LC cell. As a matter of fact, for the purpose of exploring the optical properties of reflective displays, we shall assume the tilt angle to be zero.
The Jones matrix for the liquid crystal ͑LC͒ cell is given by In Eqs. ͑2͒-͑5͒, and d are the twist angle and thickness of the LC cell, respectively, and
where
is the birefringence of the tilted liquid crystals. Finally n e () is the extraordinary index at an average director tilt angle of and is given by the usual expression
This expression of the Jones matrix is similar to the treatment of Yeh, who assumed that the twisted anisotropic medium could be considered as an infinite number of wave plates in a fan Solc filter arrangement.
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III. SIMULATION RESULTS
We shall first discuss the reflectivity of a simple display with just an input polarizer and a liquid crystal cell as shown in Fig. 1 . As shown in that figure, this simple reflective display consists of only an input polarizer, the LC cell, and a rear mirror. Assuming that the polarizer makes an angle of ␣ with the input director of the liquid crystal cell, the reflection coefficient of this display is given by
where Hϭͩ cos sin sin Ϫcos ͪ.
͑11͒
In Eq. ͑10͒, HM H Ϫ1 represents the Jones matrix of the nematic cell with light traveling in the opposite direction. It can be shown easily that the transformation matrix H is selfinversed. Figure 2 is a contour plot of the solution of Eq. ͑10͒ with ␣ ϭ 0°and ϭ 550 nm. The variables and d⌬n are used as the independent parameters. It is essentially the solution space for all combinations of and d⌬n. It can be seen that within the range of parameters used, there are three solutions for R ϭ 0% at no applied voltage. The x and y axes in The solutions in Eqs. ͑12͒ and ͑13͒ can be obtained by requiring the liquid crystal cell to behave as a quarter wave retardation plate. From Eqs. ͑12͒ and ͑13͒, the first two operating points of this reflective display are (,d⌬n) ϭ(63.6°,0.194 m) and ͑190.8°, 0.583 m͒ at ϭ550 nm, respectively. They agree quite well with the results in Fig. 2 , and with the experimental results of Sonehara et al.
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This simple display is rather dispersive. The reflectivity of the display at the two operating conditions mentioned above is plotted in Fig. 3 . It can be seen that a small change in induces a large change in the reflectivity. The 63.6°t wisted cell seems better in dispersion, but the d⌬n value of 0.194 m is difficult to achieve experimentally. Recently, Fukuda et al. proposed a method of reducing the color dispersion effect by placing a retardation film between the input polarizer and the liquid crystal cell. 3 The results are much improved by optimizing the retardation value and the dispersion of the retardation film. However, most of the dispersion compensation comes from the variable retardation of the film itself. In this article, we shall concentrate on another geometry, of placing the retardation film between the rear mirror and the liquid crystal cell.
Assuming that the fast axis of the retardation film makes an angle of with the input director of the liquid crystal cell, and ␦ is the retardation value of the film, then the reflectivity of this display is given by
is the square of the Jones matrix of the retardation film. In Eq. ͑15͒, R is the rotation matrix for transforming F to the proper coordinate system. Figure 4 shows a contour plot of the solution space for this display. The angles ␣ and have been taken to be zero and a wavelength of 550 nm has been assumed. The retardation is chosen to be /2 for all wavelengths ͑quarter wave plate͒. These parameters correspond to a normally dark display. The consideration for normally dark or bright display is as follows. If the voltage is increased, d⌬n will decrease and eventually become zero ͑homeotropic state͒. It corresponds to the x axis in Fig. 4 . For ϭ 0°, the x axis corresponds to 100% reflectivity. Therefore the voltage off state should have 0% reflectivity ͑normally off͒. It can be seen that there are four groups of solutions for this to occur. They are at a twist angle of 45°, 135°, 225°, and 315°.
The reflective display can also be arranged in a normally bright configuration. It can be achieved by rotating the quarter wave plate by 45°. Figure 5 shows the solution space for such a display with ϭ 45°. For this case, the voltage off state should have 100% reflectivity, since the x axis corresponds to 0% reflection. Interestingly, the solutions also occur at twist angles of 45°, 135°, 225°, and 315°. As a matter of fact, the regions of 100% reflectivity in Fig. 5 are all connected.
In all solutions for both the normally dark and normally bright displays, the Mauguin behavior as in 90°TN display is present, 16, 17 namely, as d⌬n increases, there are a few Mauguin minima, and eventually the waveguiding or adiabatic limit is reached at large d⌬n. Figure 6 shows the case for a 45°display for both normally dark and normally bright arrangements. The reflectivity is plotted as a function of d⌬n. It can be seen that the behavior of the reflectivity curve is quite similar to the case of transmission displays, 12 with a series of Mauguin minima ͑or maxima for the normally dark case͒, with the waveguiding limit at large (Ͼ2 m) d⌬n. Figure 7 shows the expected dispersion of the reflectivity versus wavelength for the third minimum for the 45°, 135°, and 225°normally dark displays. It can be seen that the 45°c ase is actually quite good and perfectly acceptable for display applications with excellent greyscale possibilities. Figure 8 shows the dispersion curves for the normally bright display, again for the 45°, 135°, and 225°cases. Here, the results are even more encouraging. The 45°display has only a 1% variation in reflectivity while the 135°display has a 5% variation. The 225°display shows a 15% fluctuation. It can be envisioned that the 45°display can be a good replacement for ordinary TN displays while the 135°and 225°displays can be good substitutes for ordinary STN LCD. Incidentally, the 45°TN display without the retardation film has been studied by Grinberg et al. 18 and by Ong. 12 It can be seen from Fig. 2 that without the retardation film, the reflectivity is not optimized at 45°.
IV. EXPERIMENTAL RESULTS
A 45°twist liquid crystal cell was fabricated and tested. The cell gap was 7 m, while the d⌬n value was 1.2 m. This cell corresponds to the second minimum if Fig. 6 . The experimental arrangement for the measurement of the reflectivity was quite straightforward. A beam splitter was used to reflect the reflected light onto the detector. Absolute calibration of the reflectance was obtained by replacing the LCD cell with a mirror. Figure 9 shows the measured reflectivity as a function of the driving square wave voltage. Three different wavelengths representing red ͑633 nm͒, green ͑516 nm͒, and blue ͑456 nm͒ were used. They were laser lines from the He-Ne and Ar ion lasers. Different quarter wave plates were used for the different wavelengths. No elaborate matching of the retardation value for the different wavelengths was performed. So the retardation value may not be exactly /4. Several observations can be made from Fig. 9 . First, it can be seen that, in all cases, the no voltage dark state has a reflectance below FIG. 5 . Solution space for reflective display with a /4 wave film between the mirror and the liquid crystal cell. The terms ␣ϭ0°, ϭ45°. This corresponds to the normally bright arrangement. The constant reflectivity contours are in steps of 10%. The x and y axes correspond to 0% reflection.
FIG. 6.
Reflectivity as a function of d⌬n for a 45°twist display. ͑a͒ Normally bright ͑upper curve͒, ͑b͒ normally dark ͑lower curve͒. Several Mauguin minima ͑or maxima͒ can be seen before the adiabatic limit is reached. 4%. For the case of blue light, the minimum reflectance is 1%. It is believed that with an optimization of the retardation value, reflectance below 1% can be possible. Switching to the bright state occurs at a threshold voltage of 1.4 V, which is similar to 90°TN LCD. The maximum reflectance is over 80% in all cases and can be achieved at 5 V. This reflectance increases to 90% at 7 V. Thus the contrast ratio for this display is over 40:1 on the average and should be higher if further optimization is performed.
The slight decrease in reflectivity at 1.25 V is consistent with the predictions in Fig. 6 . Since the present cell corresponds to the second Mauguin minimum, it has to go through the first minimum before reaching the homeotropic state. Furthermore, all the curves in Fig. 9 are almost identical, implying that there is little wavelength dependence. This is consistent with the predictions in Fig. 7 .
To further confirm the low wavelength dispersion of this display, we measured the entire reflection spectrum with a spectrometer. For this measurement, a single retardation film has to be used. The results are shown in Fig. 10 . In that figure, the entire spectrum for an applied voltage of 0 and 5 V was depicted. It can be seen that both the on and off states are quite wavelength independent in the visible region of the spectrum. Thus no additional color compensation is necessary for making a black and white display. A full color display can therefore be made simply by adding color filters. It should be pointed out that there is a slight difference between the results in Figs. 9 and 10. It is because different retardation films were used. In Fig. 10 , a single retardation film is used for all wavelengths. It is therefore a more realistic evaluation of the wavelength dispersion in actual applications.
The response time of this 45°TN display was also measured. Figure 11 shows the result of applying a voltage pulse to the display. The applied voltage was 5 V. For this case, the rise time of the transmitted light is about 5 ms, while the fall time is about 30 ms. These values are rather fast as compared to 90°TN LCD. This can be attributed to the smaller twist angle for the device under study.
V. CONCLUSIONS
In summary, we have shown that a true reflective display with no rear polarizer can be made by properly choosing the value of the twist angle and the birefringence of the liquid crystal. By using a Jones matrix approach, the entire solution space for the design of such displays can be clearly depicted. It was shown that, without any retardation compensation, this reflective display can be quite dispersive. However, by adding a quarter wave plate in the LCD, the wavelength dependence can be almost eliminated entirely.
The theoretical predictions were confirmed experimentally for the case of a 45°display. For this display the wavelength dependence was found to be very small. Moreover, the contrast ratio was found to be better than 40:1 with an experimental cell and a single retardation film. It is believed that better contrast and dispersion should be possible if an optimization on the retardation films was performed. Additionally, it was found that the speed of response for this display is significantly better than 90°TN displays. The maximum reflectivity was over 90%, taking into account all the reflection and absorption losses. This is a rather high efficiency and points to the possibility of a bright reflective display.
The voltage characteristics of this display is quite similar to 90°TN LCD. Both the threshold voltage and the steepness coefficient for the select and nonselect states are comparable. Thus the multiplexing capability is expected to be similar. The viewing angle is important in determining whether the present display is advantageous over other displays. Further work is in progress to determine the viewing angle and other electro-optical characteristics of these displays. As seen from Fig. 4 , other angles besides 45°twist are possible. The higher twist displays should have better multiplexing capabilities similar to STN displays. In a couple of followup articles, we shall examine the possibility of low dispersion reflective TN and STN displays where the retardation film is eliminated. It shall be shown that high quality displays are possible, similar to the case of mixed-mode TN. 10 One additional area of application for such RTN display is in the use of silicon back plane for active matrix displays. For such cases, the display has to be in true reflective mode as there is no place to put the rear polarizer. The parameter space presented in this article can guide the design of such RTN for both normally bright and normally dark operations.
